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ABSTRACT 
High frequency oscillatory ventilation (HFOV) relies on low tidal volumes cycled 
at supraphysiologic rates, producing fundamentally different mechanisms for gas 
transport and exchange compared to conventional mechanical ventilation.  
Despite the appeal of using low tidal volumes to mitigate the risks of ventilator-
induced lung injury (VILI), HFOV does not improve mortality in most clinical 
applications.  One possible explanation for this is that HFOV distributes flows 
throughout the lung in a non-uniform and frequency-dependent manner, 
especially in the presence of mechanical heterogeneity.  This thesis is a systematic 
investigation of the relationship between carbon dioxide elimination and 
frequency content during oscillatory ventilation, with emphasis on the frequency-
dependent effects of mechanical heterogeneity and various gas transport 
mechanisms.  A computational model consisting of an anatomically-structured 
airway network was used to simulate ventilation distribution and gas exchange in 
a canine lung.  These simulations were validated against theoretical predictions 
and experimental data for eucapnic oscillatory ventilation.  The model was also 
  vii 
used to assess the impact of mechanical heterogeneity on ventilation distribution 
and gas transport.  Simulations demonstrated a critical transition at the resonant 
frequency, above which the ventilation patterns became spatially clustered and 
frequency-dependent.  Finally, the model demonstrated that pairs of oscillatory 
frequencies could yield eucapnic conditions with less potential for VILI compared 
to traditional single frequency HFOV.  These results illustrate the importance of 
frequency selection in managing the distribution of ventilation and gas transport 
in the heterogeneous lung, and suggest that the frequency content in oscillatory 
waveforms may be optimized to achieve eucapnic gas exchange using less 
injurious ventilation. 
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1. INTRODUCTION 
1.1. BACKGROUND 
1.1.1. The Complications of Mechanical Ventilation 
Acute respiratory distress syndrome (ARDS) is a devastating condition with a 
mortality rate near 40 percent, and an estimated incidence of 200,000 cases per 
year in the United States (100).  ARDS is associated with widespread, localized 
atelectasis and alveolar edema, inducing substantial mechanical heterogeneity in 
the parenchyma, resulting in ventilation-perfusion (?̇? ?̇?⁄ ) mismatching in the 
lung (53, 54).  ARDS is clinically assessed by the ratio of arterial oxygen tension 
to the fraction of inspired oxygen (PaO2:FiO2 ratio).  In the Berlin Definition, the 
ARDS Definition Task Force classifies ARDS as mild, moderate, or severe 
depending on the PaO2:FiO2 ratio below 300 mmHg, as summarized in Figure 1 
(71, 99). 
 
Figure 1.  ARDS classification by the Berlin Definition based on observed PaO2:FiO2 
ratio (71). 
Mechanical ventilation is a necessary, life-sustaining intervention for patients 
who lose the ability to maintain adequate gas exchange.  However, mechanical 
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ventilation may also worsen existing injury and/or induce additional injury via 
ventilator-induced lung injury (VILI).  Conventional mechanical ventilation 
(CMV) uses tidal volumes and respiratory rates similar to those of normal 
spontaneous breathing, accompanied by positive end-expiratory pressure (PEEP) 
to maintain lung recruitment and increased FiO2 to maintain oxygenation.  Lung-
protective ventilation relies on smaller tidal volumes and higher PEEP to 
minimize the risk of VILI occurring (93).  Optimal ventilator settings are difficult 
to determine for a specific patient without invasive measurements (i.e. 
esophageal balloon catheter, X-ray CT imaging, etc.) (12, 89).  Such settings may 
require further adjustments over time as the patient’s condition fluctuates.  For 
example, insufficient tidal volume (𝑉T) results in hypercarbia, yet excessive 𝑉T 
leads to VILI via overdistension (volutrauma).  Insufficient PEEP leads to 
collapse or edema of atelectatic tissue and/or cyclical recruitment and collapse 
(atelectrauma), yet excessive PEEP causes increased lung elastance and increases 
the risk of overdistension. 
Volutrauma and atelectrauma may occur simultaneously in mechanically 
ventilated patients due to increased mechanical heterogeneity of parenchymal 
tissues (12).  Increased transpulmonary pressure gradients lead to substantial 
derecruitment of dependent regions and overdistension of non-dependent 
regions.  Tidal volumes that cannot be distributed to non-recruitable tissues 
instead overdistend tissues already recruited by PEEP (33, 62, 66). 
Ventilator-associated lung injury (VALI) is a more appropriate term than VILI 
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in some settings because it is difficult to attribute worsening lung injury to 
mechanical ventilation as opposed to the underlying condition.  VALI occurs 
most commonly in patients suffering from ARDS due to both mechanical 
heterogeneity in the lungs and disease severity, and VALI results in a 
progressively worsening condition (32, 83, 106).  Although maintaining gas 
exchange is the primary goal of mechanical ventilation, it is imperative that the 
risk of VILI be minimized through appropriate management of ventilator settings 
as well as through the use of optimal ventilation strategies.  Thus, optimizing 
lung-protective mechanical ventilation requires careful consideration of not only 
the effects of individual ventilator settings, but also the interactions between the 
effects.  Additionally, extreme mechanical heterogeneity limits the extent to 
which the risk of VILI can be mitigated by lung-protective ventilation. 
Until recently, mortality in ARDS patients was near 40 percent, with the 
leading cause of death being multiple organ failure and sepsis.  Respiratory 
failure was deemed the primary cause of death for under one fifth of the 
mortalities (7, 9, 26, 63, 86).  While advances in treatment and ventilation 
strategies have reduced overall mortality to near 30 percent, the causes of death 
have remained relatively unchanged, with multiple organ failure and sepsis as the 
leading cause and respiratory failure comparatively low (24, 86, 105).  In 1990 
and 1994, Hickling demonstrated reduced mortality using a “permissive 
hypercapnia” strategy, in which reduced tidal volumes given via synchronized 
intermittent mandatory ventilation (SIMV) result in improved mortality despite 
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elevated PaCO2 (44, 45).  However, the seminal ARDS Network study in 2000 
demonstrated similar reductions in mortality without hypercapnia, using a 
PEEP-FiO2 ladder as well as reduced tidal volumes and increased respiratory 
rates – a protocol that has become the clinical standard in ARDS treatment (93).  
These studies of low tidal volume ventilation demonstrate that ventilation 
strategies specifically designed to minimize VILI reduce mortality.  Furthermore, 
multiple organ failure and sepsis, the leading causes of death for ARDS, are 
directly associated with injurious ventilation due to the release of inflammatory 
mediators (biotrauma) (70).  It follows that the greatest improvement in 
outcomes results from ventilator strategies that minimize VILI while maintaining 
adequate gas exchange. 
1.1.2. The Potential of High Frequency Oscillatory Ventilation 
High frequency oscillatory ventilation (HFOV) has been of interest for 
treatment of ARDS since it was first introduced in animal studies in the 1980’s (8, 
75, 80).  As shown in Figure 2, the ability to maintain oxygenation and CO2 
elimination using tidal volumes smaller than anatomic dead space reduces the 
potential for VILI,  thereby improving outcomes for ARDS patients. 
Prior to experimental evidence for the feasibility of HFOV, direct alveolar 
ventilation via bulk advection was considered the only viable mechanism of gas 
transport between the alveolar spaces and the airway opening.  This is essentially 
true for large tidal volumes delivered at low respiratory rates (𝑓) (i.e., during 
normal breathing and CMV with 𝑓 < 0.67 Hz or 40 min−1).  HFOV instead relies 
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on alternate convective mechanisms to maintain oxygenation and CO2 
elimination.  During large-𝑉T low-𝑓 ventilation, the rate of CO2 elimination (?̇?CO2) 
is proportional to direct alveolar ventilation, which is defined as the volume of 
fresh gas delivered past the dead space volume (𝑉D), estimated by the following 
relationship: 
 ?̇?CO2 ∝ 𝑓(𝑉T − 𝑉D) Equation 1 
 
Figure 2.  Idealized representation of VILI risk reduction during HFOV compared to 
CMV.  High mean airway pressure maintains recruitment and low tidal volume 
avoids overdistension. 
Maintenance of oxygenation and CO2 elimination are the ultimate gas 
exchange priorities of mechanical ventilation.  Gas transport during conventional 
ventilation (i.e. large-𝑉T low-𝑓) occurs primarily via advection, or the transport of 
mass due to bulk motion.  Gas transport must occur across the dead space 
volume, which under normal circumstances comprises the volume of conducting 
airways, and does not participate in gas exchange with pulmonary capillaries.  
Extremes of O2 concentration gradients imposed with high FiO2 increase 
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diffusion and uptake of O2.  However, there is no such method available to 
increase the reverse CO2 gradient because atmospheric concentrations of CO2 are 
already minimal (approximately 0.04 % or 0.3 mmHg partial pressure at sea 
level).  Therefore, adequate CO2 transport across the dead space can only be 
maintained through the appropriate selection of 𝑉T and 𝑓. 
The optimal combination of 𝑉T and 𝑓 is both patient-specific and case-specific, 
determined by the anatomy of the conducting airways as well as the impact of 
injury on the mechanical properties of the lung tissues and airways.  Lung-
protective ventilation, using high PEEP and low 𝑉T, requires higher-than-normal 
respiratory rates to maintain adequate CO2 elimination.  Despite using higher 
rates than conventional ventilation, gas transport during lung-protective 
ventilation is still appropriately assumed advection-dominated, and therefore 
implemented according to the relationship in Equation 1. 
Diffusion in the mammalian airway tree was initially presumed a minor 
component of gas transport compared to advection, since the molecular 
diffusivity of CO2 in air is insufficient to maintain normocarbia.  However, in vivo 
experiments using tidal volumes less than anatomic dead space and high 
frequencies (i.e. 𝑓  > 1Hz) demonstrated that convection, which involves both 
advection and diffusion, can be a viable means of gas transport when neither 
advection nor diffusion alone are sufficient (8, 75).  Clearly, those results do not 
coincide with Equation 1, and so it must be that diffusion is enhanced during 
HFOV, such that both advective and diffusive transport contribute significantly to 
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the movement of CO2.  Theoretical (29, 34, 49, 67) and experimental (82, 97) 
studies established a relationship between ventilatory parameters and CO2 
elimination, which in contrast to Equation 1 is quantified an efficiency term that 
relates the effective diffusivity (𝐷eff) of CO2 in the lung to 𝑉T and 𝑓: 
 𝐷eff ∝ 𝑓
𝑎𝑉T
𝑏 Equation 2 
The values of 𝑎 and 𝑏 in Equation 2 depend on a variety of factors (e.g. flow 
velocity profile, Taylor dispersion, asynchronous gas mixing, etc.), though it has 
been consistently demonstrated that 𝑎 < 𝑏 (13, 68).  In their study, Venegas et al. 
collected data from a variety of mammalian species, and computed dimensionless 
frequency (ℱ) and flow (𝒬) parameters during eucapnic ventilation (97): 
 ℱ = 𝑓
𝑉D
?̇?𝐴
 Equation 3 
 𝒬 = 𝑓
𝑉T
?̇?𝐴
 Equation 4 
where ?̇?𝐴 is eucapnic alveolar ventilation described by: 
 ?̇?𝐴 = 863
?̇?CO2
euc
PaCO2
 Equation 5 
Venegas et al. proposed two dimensionless equations for gas transport: at low 
frequencies 𝒬 = 1 + ℱ corresponds directly to Equation 1, and at high frequencies 
𝒬 = 𝑐0ℱ
𝑐1  is a regression to the experimental data (justified by qualitative 
inspection), with 𝑐0 = 0.40 and 𝑐1 = 0.54.  Due to the greater dependence of CO2 
elimination on 𝑉T  rather than 𝑓  during HFOV, and due to the frequency-
dependent pressure cost of ventilation (i.e. the amplitude of distending pressures 
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experienced by mechanically-vulnerable lung tissues), clinical strategies 
preferentially adjust 𝑉T while maintaining 𝑓 near the corner frequency (𝑓𝑐), below 
which the pressure cost of ventilation is most sensitive to changes in frequency 
(68, 96). 
Animal studies of HFOV demonstrate improvements in oxygenation and 
reductions in lung inflammation (51, 64).  However the successful outcomes 
found using HFOV in animal models of ARDS did not translate to improved 
mortality in clinical studies.  HFOV treatment in infant (35, 69, 94), pediatric (4, 
39, 74), and adult (10, 20, 25, 104) ARDS results in improved oxygenation yet 
highly variable outcomes with respect to mortality.  Recent meta-analyses for 
infant (19), pediatric (87), and adult (38, 46, 87) clinical trials of HFOV use in 
ARDS treatment conclude no significant difference in mortality.  As a result 
HFOV is presently considered a rescue therapy for refractory hypoxemia used 
only when CMV or lung-protective ventilation fail, most notably in neonatal care.  
However HFOV use in ARDS patients is still subject to much controversy.  There 
is currently no universally-accepted “best practice” for HFOV treatment involving 
selection of ventilator settings, medication provided, time to intervention after 
diagnosis, duration of HFOV, and patient selection.  Further studies may 
elucidate the impact of differences in protocol: for example, the OSCILLATE trial 
in adults demonstrated increased mortality in the HFOV treatment group, which 
may be attributed to excessive distending pressure and consequent need for 
increased use of pressors, sedatives, or neuromuscular blockade (25).  Another 
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instructive example is the HIFI trial in infants: a low lung volume strategy (i.e. 
low distending pressure) and conservative use of recruitment maneuvers during 
HFOV resulted in detrimental outcomes, which may be attributed to a lack of 
sustained recruitment (94).  Reviews of clinical studies suggest that improved 
outcomes with HFOV may yet be found in appropriate patient selection, better 
understanding of ARDS etiology and phenotype, and the use of beside technology 
to monitor lung volumes (i.e. electrical impedance tomography, 
plethysmopraghy) (9, 61, 98). 
HFOV strategies allocate little consideration to the impact of mechanical 
heterogeneity on the frequency-dependence of the ventilation distribution (1, 17).  
Most clinical trials report arbitrary initial values for frequency, with subsequent 
adjustments based on patient needs and Equation 2 (21).  The lack of a 
mechanistically-based protocol may be due in part to the lack of clinical 
technology for assessing frequency-dependent mechanics at the bedside, or the 
difficulty of making such measurements in critically ill patients.  The initial 
selection of frequency is usually in the vicinity of 𝑓𝑐 for an average adult human 
with ARDS, which falls within an ideal range according to the strategy of 
minimizing the pressure cost of ventilation (68, 96).  However, the specific choice 
of frequency can substantially alter the distribution of flow throughout the 
airways, especially in the presence of heterogeneous lung injury (1, 17).  Equation 
1 and Equation 2 may be specific cases of a more generalized relationship 
between gas transport and ventilatory parameters, and thus may not apply 
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directly to mechanically heterogeneous lungs.  In developing optimal HFOV 
strategies, it is necessary to consider the physical mechanisms of gas transport, 
and how they are affected by such heterogeneity. 
1.1.3. Gas Transport Mechanisms 
The mechanisms of gas transport through the conducting airways during 
oscillatory flow is attributed to several dominating convective processes (13, 68): 
1) direct alveolar ventilation via advection 
2) asymmetric velocity profiles, inspiratory-expiratory differences in velocity 
profiles 
3) turbulent and oscillatory dispersion 
4) out-of-phase oscillation, Pendelluft phenomenon 
5) cardiogenic mixing 
6) collateral ventilation 
7) molecular diffusion 
The magnitude of the effect each mechanism has on local gas transport varies 
depending on surrounding airway geometry, as demonstrated in Figure 3.  Direct 
alveolar ventilation affects the alveoli with the shortest path lengths to the airway 
opening with the lowest impedance to the input flow, and only for tidal volumes 
exceeding some patient-specific minimum, which may be proportional to 𝑉D (11, 
13, 49).  It can be increased by increasing either 𝑉T or 𝑓 once 𝑉T is sufficiently 
large, in accordance with Equation 1.  Direct alveolar ventilation via advection is 
the fastest possible method of gas transport, although large tidal volumes can be 
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injurious as previously mentioned.  Therefore it is preferable to minimize VILI by 
finding an alternative to direct alveolar ventilation as the primary means of gas 
transport. 
 
Figure 3.  Mechanisms of gas transport in the airways and acinar spaces during high 
frequency oscillatory ventilation, depicted at relative locations of greatest influence.  
Reproduced from Slutsky and Drazen (81). 
Diffusion governs the rate of mass transport along a concentration gradient.   
The molar flux ?̇? of a species through a tube of length 𝐿 and cross-sectional area 
𝐴𝑐𝑠 is given by Fick’s law of diffusion: 
 ?̇? = −𝐷𝐴𝑐𝑠
Δ𝑐̅
𝐿
 Equation 6 
where 𝐷 is the diffusivity and Δ𝑐̅ is the difference in the mean axial concentration 
across the length of the tube.  Molecular diffusion has the most dominant effect 
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on gas exchange in peripheral airways and alveoli, due to minimal flow rates and 
large surface area to volume ratio at this level of the airway tree.  Molecular 
diffusivity depends on gas species and temperature, and is usually assumed 
constant.  It cannot be influenced by ventilator settings, although the rate of O2 
transport via diffusion can be enhanced via increased FiO2.  By contrast, 
turbulent or oscillatory dispersion, which manifests in steady state as an effective 
diffusivity, is dependent on local velocity profiles and flow characteristics.  Both 
𝑉T and 𝑓 affect the contribution of dispersion to the overall effective diffusivity. 
Dispersion was first described by Taylor, characterizing effective steady state 
longitudinal diffusivity during laminar and turbulent flow (91, 92).  In 1956, Aris 
related the effective diffusivity (𝐷eff) to the sum of a molecular diffusivity (𝐷mol) 
and a dispersion coefficient (𝐷dis) (2).  Chatwin in 1975 provided a derivation for 
the case of oscillatory dispersion in tubes (14), and Watson later provided a 
generalized full form of the relative increase factor relating the oscillatory 
dispersion coefficient to molecular diffusivity (101).  A brief summary of these 
works on dispersion in tubes is summarized in the following set of equations for 
𝐷dis in terms of fluid mean velocity ?̅? and tube radius 𝑟: 
laminar 
dispersion 
 𝐷dis =
(?̅?𝑟)2
𝐷mol
⋅
1
48
 Equation 7 
 
turbulent 
dispersion 
 𝐷dis = ?̅?𝑟 ⋅ 𝛽1(Re) Equation 8 
 
oscillatory 
dispersion 
 𝐷dis =
(?̅?𝑟𝑚𝑠𝑟)
2
𝐷mol
⋅ 𝛽2(𝛼W, Sc) Equation 9 
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where Re is the Reynolds number, characterizing the ratio of inertial force to 
viscous force in steady flows (73): 
Reynolds 
number 
 Re =
2ρ?̅?𝑟
μ
=
2?̅?𝑟
ν
 Equation 10 
 
and 𝛼W is the Womersley number, characterizing the ratio of inertial force to 
viscous force in oscillatory flows (103): 
Womersley 
number 
 𝛼W = 𝑟√
ρω
μ
= 𝑟√
ω
ν
 Equation 11 
 
Sc is the Schmidt number, which characterizes the ratio of viscous diffusion rate 
to molecular diffusion rate (48): 
Schmidt 
number 
 Sc =
μ
ρ𝐷mol
=
ν
𝐷mol
 Equation 12 
 
Re, 𝛼W, and Sc are dimensionless parameters, and relate to scaled geometries and 
flows with dynamic similarity.  ρ  is density, μ  is dynamic viscosity, ν  is 
kinematic viscosity, and ω is the angular frequency of oscillation.  𝛽1 and 𝛽2 are 
functions of Re, 𝛼W, and Sc (2, 14, 92, 101). 
The Womersley number characterizes the velocity profile and boundary layer 
thickness during oscillatory flow, with dynamic similarity.  At one extreme, 𝛼W 
< 1 represents viscous forces dominating, and produces a parabolic flow profile 
in phase with pressure oscillations.  At the other extreme, 𝛼W > 10 represents 
inertial forces dominating, and produces a plug flow profile which lags pressure 
oscillations by 
𝜋
2
 radians.  Laminar flow with a flat velocity profile does not 
contribute to diffusion via dispersion.  Thus, for 𝛼W > 10, 𝐷dis approaches zero 
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and 𝐷eff approaches 𝐷mol. 
Asymmetric velocity profiles resulting from flow division at airway 
bifurcations increase the effective diffusivity due to the non-flat velocity profile 
(13, 77), with convective eddies and secondary flows also contributing to 
enhanced mixing (15, 50, 59).  For large tidal volumes, the asymmetry of the 
velocity profiles is strongest during inspiration, when the airway bifurcations 
cause flow division.  However, expiratory flow profiles are much flatter and more 
symmetric when flows combine at the bifurcations rather than divide around 
them (15, 30, 50, 77).  The effects of these mechanisms depend on the 
complicated, three-dimensional geometry of the branching airway network.  
Accordingly, computational models designed to study these mechanisms employ 
fluid dynamics solvers.  However such solvers incur extreme computational costs, 
such that the use of supercomputing clusters is required, with the scope of 
simulations typically restricted to the central airways. 
Lung regions with different mechanical time constants can experience out-of-
phase flow oscillations, referred to as pendelluft (37, 57, 65, 81).  Pendelluft 
improves the homogeneity of gas concentrations throughout the lung via 
interregional mixing.  Collateral ventilation has a similar effect, albeit on a much 
smaller scale, resulting in inter-alveolar mixing (3).  Cardiogenic oscillations, 
caused by ventricular contractions and relaxations, induce flow and pressure 
oscillations in lung regions adjacent to the mediastinum (31, 84).  Although the 
magnitude of cardiogenic oscillation is small compared to tidal breathing and 
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CMV, during HFOV it may contribute significantly to gas transport and 
interregional mixing (79). 
The interactions between the transport mechanisms described here 
synergistically influence homogenization of gas concentrations throughout the 
airways.  Moreover, the geometric nature of flow-reliant mechanisms localizes 
their respective contributions to gas transport within differently-sized airways.  
For example, diffusion dominates transport in the most peripheral airways, 
which experience small flow amplitudes but have large cumulative cross-sectional 
area. 
Finally, consideration of the physical principles underlying these mechanisms 
highlights a complicated relationship between gas exchange and ventilator 
settings.  For example, increasing frequency can have both beneficial and 
detrimental effects on gas transport in different localized geometries: (1) 
increased rate of direct alveolar ventilation, à la Equation 1; (2) increased rate of 
mixing at airway bifurcations; (3) changes in dispersion coefficients (which can 
lead to either increased or decreased gas transport, depending on Womersley 
numbers and velocity profiles for individual airways); and finally (4) changes in 
regional oscillatory magnitudes and phases due to heterogeneous mechanics and 
asymmetric branching structures, which also affects the aforementioned 
responses. 
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1.2. OBJECTIVE 
It is evident that HFOV can provide life-sustaining ventilation using minimal 
volume oscillations, and therefore has the potential to be clinically useful by 
minimizing VILI risks during ARDS treatment.  However, the development of 
ventilation strategies requires a comprehensive understanding of 𝑉T - and 𝑓 - 
dependent gas transport mechanisms, especially in the injury-relevant context of 
mechanically heterogeneous lung tissues and airways.  Considering the clinical 
goal of minimizing the risk of VILI via overdistension, ventilatory efficiency can 
be defined in terms of the ability to achieve adequate gas exchange using the 
smallest possible volume and pressure amplitudes experienced by the vulnerable 
airways and parenchyma.  Taking into account the mechanisms that produce 
enhanced diffusion and mixing during high frequency oscillations, we propose 
that optimal ventilation occurs when all alveolar spaces experience the same 
average volume distension over a period of oscillation.  ?̇? ?̇?⁄  mismatching is 
abundant when the ventilation distribution is heterogeneous, with over-
ventilation and under-ventilation occurring simultaneously in different lung 
regions (6, 36, 102).  It follows that uniform ventilation optimizes gas exchange 
as well as ventilatory efficiency.  Therefore, we hypothesize that optimal gas 
transport and exchange during oscillatory ventilation occurs when 
oscillatory flow is distributed most uniformly throughout all 
conducting airways.  Furthermore, we propose that ventilating a mechanically 
heterogeneous lung with multiple frequencies of oscillation simultaneously can, 
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in some cases, produce a more uniform ventilation distribution compared to any 
single frequency.  The mechanical properties of the injured lung are 
heterogeneous and frequency-dependent (54).  Thus, broadband flow and 
pressure oscillations are selectively and mechanically filtered by distributed 
regional impedances, such that the ventilation is also distributed in a 
heterogeneous and frequency-dependent manner (1). 
Theoretically, ventilation with multiple frequencies of oscillation can improve 
the homogeneity of ventilation distribution in mechanically heterogeneous 
airways and parenchyma, as illustrated in Figure 4.  The concept of using 
simultaneous multiple frequencies of oscillation is directed at optimizing the 
distribution of flow throughout the airway tree, thereby providing sufficient CO2 
elimination with less potential for injurious ventilation.  The strategy of 
optimizing linear combinations of two or more oscillatory frequencies relies on 
heterogeneity and frequency-dependence, such that the ventilation distributions 
at each respective frequency are not similar to each other.  Ideal candidate 
frequencies include those that complement each other: if one frequency causes 
relative over-ventilation of a particular lung region, the other frequency causes 
relative under-ventilation in that same region.  A linear combination of the two 
distributions may result in a more homogeneous ventilation overall.   
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Figure 4.  Proposed mechanism of benefit for multiple frequency oscillatory 
ventilation of mechanically heterogeneous lungs: lung regions with different 
mechanical properties selectively filter input multi-frequency oscillations, such that 
the resulting ventilation distribution is uniform in all regions. 
To establish support for this hypothesis, we identify three aims: 
Aim 1: Develop an anatomic model for ventilation and gas transport 
valid over a wide range of 𝑉T and 𝑓.  The construction of this model enables 
simulations of gas transport during oscillatory ventilation.  This model will be 
used to produce a basis for the hypothesis, founded on established physical 
principles of gas transport.  Model validity will be assessed by comparison of 
simulation-derived and experiment-derived relationships between 𝑓, 𝑉T, 𝑉D, and 
?̇?CO2 during HFOV (97). 
Aim 2: Determine the relationship between mechanical 
heterogeneity and gas transport during traditional HFOV.  It is central 
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to the argument of the hypothesis that traditional HFOV, using a single frequency 
of oscillation, is an inefficient means of ventilating heterogeneously injured 
lungs.  Therefore, this aim requires simulation of the effects of ARDS on the 
distribution of mechanical properties of the lung tissues.  Ventilatory efficiency 
will be assessed during HFOV under both healthy and heterogeneously injured 
conditions. 
Aim 3: Compare ventilatory efficiency during ventilation with 
either one or two frequencies of oscillation.  Oscillatory ventilation with 
multiple frequencies simultaneously is a novel concept, and thus has no 
precedent in existing literature.  This aim requires the model to encompass both 
(1) established relationships of gas exchange during oscillatory flow, as well as (2) 
their generalized formulations during multi-frequency oscillatory flow. 
Altogether, these aims will evaluate a correlation between ventilation 
homogeneity and gas transport within a physiologically and anatomically 
relevant model, and further demonstrate the potential of ventilation with 
optimized frequency content for the treatment of heterogeneous lung injury. 
1.3. RATIONALE 
Clinical implementation of HFOV in the treatment of adult patients with 
heterogeneous lung injury has been tentative, and with good reason.  The current 
expanse of relevant literature neither demonstrates improved outcomes in 
clinical trials nor offers a systematic study of the frequency-dependent 
heterogeneity of ventilation distribution and gas transport.  The purpose of this 
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thesis is to introduce a model that enables the exploration of gas exchange during 
oscillatory ventilation with generalized frequency content. 
Computational simulations of ventilation distribution in one-dimensional 
branching structures demonstrate strong frequency-dependence of heterogeneity 
(1, 17).  These findings reflect the importance not only of local mechanical 
properties, but also of the network geometry that connects individual airways and 
acinar structures.  However, the distribution of oscillatory flows alone is not 
sufficient for the prediction of overall gas exchange, and thus a model of gas 
transport must be developed for this purpose. 
We intend to use this model as a theoretical framework for predicting the 
efficacy of oscillatory ventilator waveforms under physiologically relevant 
conditions.  Our hypothesis is that optimal oscillatory ventilation provides 
uniform distribution of oscillatory flow.  Support for this hypothesis is found in 
previous studies of high frequency percussive ventilation (HFPV), which involves 
the superposition of HFOV and conventional mechanical ventilation (42, 58).  
HFPV improved gas exchange and ventilation-perfusion matching compared to 
either CMV or HFOV alone in case studies of certain pathologies, including ARDS 
(16, 22, 47, 72, 85).  Further study into the optimization of this strategy has been 
very limited, and HFPV has not demonstrated improved mortality in ARDS.  This 
lack of improved mortality may be related to the reliance on large tidal volumes 
at low frequencies.  Thus, a systematic and quantitative approach to the design of 
ventilation comprising optimized frequency content is warranted. 
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2. METHODS 
2.1. VENTILATION DISTRIBUTION IN AN ANATOMIC MODEL 
2.1.1. Overview 
We model the airway tree as a network of spatially oriented airway segments, 
with sizes and positions based on segmented airways from three-dimensional 
computed tomographic (3DCT) scans.  Airway dimensions and wall properties 
define longitudinal and shunt impedances, under the assumption of Womersley-
type oscillatory flow (103).  Every terminal airway segment ends in an acinus, 
modeled with constant phase impedance.  Mechanical properties for each airway 
and acinus are related to individual transmural or transpulmonary pressures, 
calculated as the difference between pressure inside the airway or acinus and the 
local pleural pressure (𝑃pl ).  Pleural pressure is defined by the gravitational 
gradient across the span of the lung.  For simulations of high frequency 
oscillations with small tidal volumes, the effects of intratidal variations in 
mechanical properties are not considered, including processes of cyclic 
recruitment and overdistension.  Ventilation distribution is computed as a 
steady-state process in the frequency domain (17). 
2.1.2. Airways 
Airway dimensions are extracted from 3DCT scans of dog lungs (52), for 
airways large enough to be detected and segmented.  Smaller airways are 
generated algorithmically, using a space-filling model of airway network topology 
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(90).  Figure 5 shows an example of the segmented central airways and generated 
airway network. 
 
Figure 5.  Segmented central airways from 3DCT scan of 25 kg dog at 30 cmH2O 
distending pressure (left) and generated network of cylinders used in 
computational model (right). 
Relationships for airway wall thickness, cartilage content, and 
generation/order are extrapolated from Horsfield generations (17, 40, 60), using 
the inner radius as the independent variable.  Airway impedance is modeled with 
longitudinal and shunt components (17).  The longitudinal impedance is 
calculated assuming Womersley-type oscillatory flow in cylindrical tubes (95, 
103).  The relative contributions of resistance and inertance to the longitudinal 
impedance are determined by the Womersley number 𝛼W, which was defined in 
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Equation 11 in terms of airway radius 𝑟, angular frequency of oscillation 𝜔, air 
density  ρ , and air dynamic viscosity μ .  Longitudinal impedance is the 
calculated by Equation 13, where 𝐽0 and 𝐽1 are Bessel functions of the first kind of 
orders 0 and 1, respectively, and 𝐿 is the length of the cylindrical airway segment. 
 𝑍long = (
𝑗ωρ𝐿
𝜋𝑟2
) [1 −
2𝐽1(𝛼W√−𝑗)
(𝛼W√−𝑗)𝐽0(𝛼W√−𝑗)
]
−1
 Equation 13 
The shunt impedance comprises the parallel shunt pathways of gas 
compression and wall distension (17).  Gas compression is modeled as an elastic 
element in accordance with Boyle’s law, defined by the ratio of absolute pressure 
inside a segment and the segment’s volume.  Wall distension is partitioned into 
parallel soft (subscript 𝑠) and cartilaginous (subscript 𝑐) tissue compartments, 
with each subdivided into series resistive ( 𝑅 ), inertial ( 𝐼 ), and elastic ( 𝐶 ) 
components.  The shunt impedance is calculated according to Equation 14, with 
gas compression compliance 𝐶𝑔  defined by Equation 15 in terms of segment 
volume 𝑉seg and absolute distending pressure 𝑃seg. 
 𝑍shu = [
1−𝐹𝑐
𝑅𝑠+𝑗ω𝐼𝑠+(𝑗ω𝐶𝑠)−1
+
𝐹𝑐
𝑅𝑐+𝑗ω𝐼𝑐+(𝑗ω𝐶𝑐)−1
+ 𝐶𝑔]
−1
 Equation 14 
 𝐶𝑔 =
𝑉seg
𝑃seg
 Equation 15 
The orientation of mechanical impedance elements considered in this model of 
an airway segment is presented in Figure 6. 
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Figure 6.  Circuit representation of an airway segment element.  Input flow at the 
proximal node is divided between parallel shunt pathways of gas compression and 
wall distension, and the subtending airway subtrees at the distal node.  Equations 
Equation 13 and Equation 14 provide the impedance for 𝑍long and 𝑍shu, respectively. 
2.1.3. Acini 
The acini are modeled as point elements at the distal centerpoints of terminal 
airway segments, with volume and surface area.  The impedance of acini (𝑍acn) to 
input flow is governed by a constant phase model, which incorporates a tissue 
damping ( 𝐺 ) and elastance ( 𝐻 ) parameters, the ratio of which defines the 
hysteresivity (η =
𝐺
𝐻
). 
 𝑍acn= [(
(η−𝑗)𝐻𝑛
ωα
)
−1
+ 𝑗ω𝐶𝑔]
−1
 Equation 16 
 α =
2
𝜋
tan−1 (
1
η
) Equation 17 
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The constant phase model accurately reflects the power-law nature of the 
pressure-volume relationship in the respiratory system (41, 88).  𝐻 and η are 
determined by empirical functions of transpulmonary pressure 𝑃tp  (56).  
Although 𝐻(𝑃tp) and η(𝑃tp) were fit to data based on whole-lung impedance 
measurements in dogs, they are applied in this model to individual acini under 
the assumption that acinar mechanics were relatively homogeneous under the 
measurement conditions.  The impedance measurements were calculated based 
on the difference between airway opening pressure and esophageal pressure 
(approximating pleural pressure).  Therefore in application to individual acini, 
𝐻 (𝑃tp)  and η (𝑃tp)  are functions of transpulmonary pressure, between the 
pressure inside the acinus 𝑃acn and the local pleural pressure 𝑃pl.  The orientation 
of mechanical impedance elements considered in this model of an acinus is 
presented in Figure 7. 
 
Figure 7.  Circuit representation of an acinar element.  Input flow at the proximal 
node is divided between parallel pathways of gas compression compliance and 
acinar volume expansion, whose impedance is modeled by a constant phase element 
described in equations Equation 16 and Equation 17. 
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2.1.4. Pleural Pressure 
Regional pleural pressure in the model is defined according to a spatially-
oriented gravitational gradient.  Ventilation is driven by pressure changes at the 
airway opening rather than pressure changes in the pleural space, simulating 
mechanical ventilation in a sedated patient.  Accordingly, temporal variations in 
pleural pressure are not accounted for, aside from pressure variations due to 
changes in position.  Expansion of the lung at higher mean airway pressures 
causes an increase in the spread of pleural pressures due to the gravitational 
gradient.  However, at any given mean airway pressure, intratidal variations in 
airway sizes and positions are neglected, and therefore the pleural pressure is 
modeled as a spatially-varying temporally-constant independent pressure source. 
2.1.5. Injury 
Heterogeneous injury is simulated by modulating acinar tissue elastance 𝐻 
according to a gravitationally-weighted gradient noise distribution.  Gradient 
noise, created using the Perlin method (23), produces a textured distribution that 
is smoother and more natural than random value noise.  Gravitational weighting 
increases the magnitude of the noise distribution towards the dependent regions, 
which mimics the effect of fluid accumulation in ARDS-affected lungs.  Although 
the resulting elastance distribution does not accurately mimic the 
pathophysiologic effects of ARDS on tissue mechanics of parenchyma, it suffices 
as a simple approximation of heterogeneous mechanics.  The elastance of each 
acinus is assumed constant, which does not mimic intra-tidal changes in 
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mechanics due to overdistension and recruitment/derecruitment.  This injury 
model does not affect the mechanics or size of the airways, and therefore is 
unrealistic in simulation of injury, yet conveniently allows comparison of gas 
transport through identical airway network geometry under variable ventilation 
distribution determined exclusively by differences in acinar mechanics. 
 
Figure 8.  Heterogeneous lung injury is simulated by scaling tissue elastance 
according to gravitationally-weighted gradient noise, which produces a cloudy, 
heterogeneous texture.  The color of each acinar element corresponds to the ratio of 
tissue elastance 𝐻injured 𝐻healthy⁄ .  The direction of gravitational force (𝒈) is indicated 
by the arrow. 
2.1.6. Impedance 
The impedance of the entire airway tree, as well as that of each subtree, is 
necessary to determine the distribution of flow.  Each subtree, given by the 
parent airway segment and all distal children, can be recursively traversed using 
Equation 18; at each parent segment, the total impedance of the subtree (𝑍sub), 
inclusive of the parent, is calculated by adding in series the impedance of the 
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parent segment with the parallel combination of all children segments’ subtree 
impedances (𝑍sub,child(𝑛)). 
𝑍sub =
1
2
𝑍long + [(
1
2
𝑍long + [∑ 𝑍sub,child(𝑛)
−1
𝑛 ]
−1
)
−1
+ 𝑍shu
−1]
−1
 Equation 18 
As illustrated in Figure 6, the parent contains a parallel shunt impedance 𝑍shu 
bisecting the longitudinal impedance 𝑍long , which includes a pressure source 
accounting for 𝑃pl.  However, 𝑃pl can be safely ignored in the frequency domain 
impedance calculations as a constant independent pressure source. 
2.1.7. Ventilation distribution 
Given a known flow oscillation at the proximal end of a parent airway 
segment  ?̇?prox, the flow oscillations at the shunt ?̇?shu, at the distal end of the 
parent airway segment ?̇?dist, and at the proximal end of each nth child airway 
segment ?̇?prox,child(𝑛)  are computed from the current division between parallel 
pathway impedances (17). 
 ?̇?shu = ?̇?prox [
1
2 𝑍long + [
∑ 𝑍sub,child(𝑛)
−1
𝑛 ]
−1
1
2 𝑍long + [
∑ 𝑍sub,child(𝑛)
−1
𝑛 ]
−1
+ 𝑍shu
] Equation 19 
 
 ?̇?dist = ?̇?prox − ?̇?shu Equation 20 
 
 ?̇?prox,child(𝑚) = ?̇?dist [
[∑ 𝑍sub,child(𝑛)
−1
𝑛 ]
−1
𝑍sub,child(𝑚)
] Equation 21 
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Applied to all branches of the airway network, the resulting ventilation 
distribution is computed in the frequency domain, with a complex value for each 
frequency representing the magnitude and phase relative to the input flow at the 
airway opening.  For the purposes of simplicity, these calculations are performed 
with an input flow at the airway opening with unity magnitude and zero phase at 
all frequencies.  Linearity and time invariance are assumed when computing 
ventilation distribution via mechanical impedance; thus it is also assumed that 
the input flow at the airway opening can be assigned any complex scalar, and the 
ventilation distribution scales linearly.  This assumption is valid only for small 
amplitudes of oscillation, such that the mechanical properties of the respiratory 
system do not change significantly over the period of oscillation. 
2.1.8. Personal Dead Space 
Gas transport during ventilation with large tidal volumes is affected by the 
dead space volume 𝑉D  of the respiratory system in a manner consistent with 
Equation 1.  However, this relationship only applies to total CO2 elimination, and 
furthermore assumes a uniform distribution of ventilation, such that Equation 1 
is most appropriate for a single compartment model of the respiratory system.  In 
order to properly model the mechanism of direct alveolar ventilation, we must 
consider the effects of the ventilation distribution on the amounts of fresh gas 
and dead space gas entering each individual acinar compartment during one 
period of oscillation.  To achieve this, we apply the concept of “personal dead 
space” used by Fortune and Wagner to describe the non-uniform distribution of 
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airway segment volumes to the terminal acini (28).  The fraction of proximal 
dead space 𝑉D
∗ which oscillates through a child 𝑉D,child(𝑚)
∗  of a particular parent 
airway segment is calculated in proportion to the flow division between that child 
and the other children, as shown in Equation 25: 
 𝑉D,child(𝑚)
∗ = [𝑉D
∗ + 𝑉seg] [
?̇?prox,child(𝑚)
?̇?dist
] Equation 22 
In this manner, the dead space of all conducting airways is successively 
distributed in proportion to the ventilation distribution through subtending 
airways until reaching the terminal acini.  The effect of direct alveolar ventilation 
for a particular acinar compartment can then be determined by comparing 𝑉D
∗ for 
that acinus to the total volume delivered to that acinus over one period of 
oscillation. 
2.2. GAS TRANSPORT DURING OSCILLATORY FLOW 
2.2.1. Transport Resistance in Branching Network 
At steady state, the solution of one-dimensional molecular diffusion in a tube 
with a concentration gradient ∆𝑐̅ across the length 𝐿 of the tube is a linear axial 
profile of concentration, with molar flux ?̇? in the axial direction proportional to 
the concentration gradient as given by Fick’s law: 
 ?̇? = −𝜋𝑟2𝐷mol
∆𝑐̅
𝐿
 Equation 23 
The case of one-dimensional steady state diffusion in a tube can be recast as a 
circuit analog, with partial pressure gradient ∆𝑝 driving the molar flux through a 
linear transport resistance 𝑅𝑇, as defined  in Equation 24 and Equation 25: 
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 ?̇? = −
1
𝑅𝑇
∆𝑝 Equation 24 
 𝑅𝑇 =
𝑅gas𝑇𝐿
𝜋𝑟2𝐷mol
 Equation 25 
where 𝑅gas  is the universal gas constant and 𝑇  is the absolute temperature, 
assuming ideal gas behavior.  Because of the simplicity and ease of solving 
systems of linear ordinary differential equations, this approach is favorable in the 
context of a large number of branching airways.  A mesh analysis of the system of 
equations ensures conservation of mass, such that the sum of molar fluxes at the 
airway opening and every terminal airway segment is zero.  The molar fluxes at 
the proximal node of every acinus are chosen as state variables, and the system of 
equations is expressed in matrix notation as: 
 𝐑𝐓?̇? = 𝚫𝐩 Equation 26 
where each row of the system corresponds to the mass flux from a single acinus 
to the airway opening.  For example, given the simple bifurcating system shown 
in Figure 9, using mesh analysis forms the system of equations with matrices: 
 𝐑𝐓 = [
𝑅𝑇0 + 𝑅𝑇1 𝑅𝑇0 𝑅𝑇0
𝑅𝑇0 𝑅𝑇0 + 𝑅𝑇2 + 𝑅𝑇3 𝑅𝑇0 + 𝑅𝑇2
𝑅𝑇0 𝑅𝑇0 + 𝑅𝑇2 𝑅𝑇0 + 𝑅𝑇2 + 𝑅𝑇4
] Equation 27 
 ?̇? = [
?̇?𝑎𝑐𝑛,1
?̇?𝑎𝑐𝑛,2
?̇?𝑎𝑐𝑛,3
] Equation 28 
 𝚫𝐩 = [
𝑝𝑎𝑐𝑛,1 − 𝑝𝑎𝑜
𝑝𝑎𝑐𝑛,2 − 𝑝𝑎𝑜
𝑝𝑎𝑐𝑛,3 − 𝑝𝑎𝑜
] Equation 29 
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Accordingly, each term in 𝚫𝐩 corresponds to total partial pressure loss between 
an acinus and the airway opening 𝑝𝑎𝑐𝑛,𝑖 − 𝑝𝑎𝑜, and each row of the matrix product 
of 𝐑𝐓 and ?̇? corresponds to the sum of partial pressure losses due to transport 
resistance in each airway between that acinus and the airway opening. 
 
Figure 9.  Simplified representation of transport resistances in a model bifurcation 
and the corresponding system of linear equations representing the mesh analysis 
approach to solving for molar fluxes. 
The matrix of coefficients 𝐑𝐓  is completely full because the transport 
resistance of the trachea is included in every mesh.  Therefore memory costs may 
be substantial for large numbers of airways.  An alternative to mesh analysis is 
nodal analysis, which involves choosing the state variables as the partial 
pressures at every proximal node.  Nodal analysis forms a system of equations 
using conservation of mass flux applied to each individual node, which produces 
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a coefficient matrix far sparser than that of mesh analysis.  However, small 
numerical inaccuracies at each node can result in substantial discrepancies 
between the flux at the airway opening and the total flux across the acini.  Thus, 
mesh analysis is preferred. 
2.2.2. Diffusive/Dispersive Transport Resistance 
The case of steady state dispersion, after a long period of unsteady oscillatory 
flow, can be simplified to enhanced diffusion along a linear concentration 
gradient.  The diffusive transport resistance 𝑅𝑇
diff is modified from Equation 25 
with an effective diffusivity 𝐷eff rather than the molecular diffusivity 𝐷mol.  𝐷eff, as 
described in 1.1.3, comprises the sum of 𝐷mol  and 𝐷dis
osc , where 𝐷dis  is a 
frequency-dependent enhancement to 𝐷eff that results from the velocity profile 
distortions during oscillatory flow (2). 
 𝐷eff = 𝐷mol + 𝐷dis
osc Equation 30 
During single frequency oscillatory ventilation, the value of 𝐷dis
osc  for any 
individual airway depends on only a single frequency and amplitude of 
oscillation, as given by Equation 9.  The function 𝛽2 in Equation 9 is derived 
directly from Watson 1983, and is a function of both 𝛼W and Sc involving Kelvin 
functions of 𝛼W and their derivatives (101). 
During oscillation with multiple simultaneous frequencies, the value of 𝐷dis
osc 
is equal to the sum of dispersion coefficients computed for each frequency 
individually.  This finding can be derived from a brief analysis following the same 
structure presented in Watson 1983 (101). 
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Consider the flow in a tube with oscillatory velocity 
 𝑢 = ∑ 𝔑𝔢{𝑈𝑖(𝑥, 𝑦)𝑒
𝑗ω𝑖𝑡}𝑖  Equation 31 
where 𝑈𝑖(𝑥, 𝑦) is a velocity amplitude distribution over the cross-section in the 𝑥-
𝑦 plane and is periodic in time 𝑡 with angular frequency ω𝑖.  The operator 𝔑𝔢{ ∙ } 
indicates the real part of the complex-valued argument within the brackets.  
Consider contaminant concentration 
 𝑐 = −𝛾𝑧 + ∑ 𝔑𝔢{𝛾𝜃𝑖(𝑥, 𝑦)𝑒
𝑗ω𝑖𝑡}𝑖  Equation 32 
where 𝑧  is the axial direction, 𝛾  is a constant, and 𝜃𝑖(𝑥, 𝑦)  is related to a 
concentration amplitude distribution over the cross-section in the 𝑥-𝑦 plane and 
is periodic in time 𝑡  with angular frequency ω𝑖 .  The rate of flux of the 
contaminant has advective and diffusive terms integrated over the area of the 
cross section 𝐴𝑐𝑠, given by 
 ∬ [𝑢𝑐 − 𝐷mol
𝜕𝑐
𝜕𝑧
] 𝑑𝐴
𝐴𝑐𝑠
= Equation 33 
∬ [𝛾𝐷mol +
1
2
{∑(𝑈𝑖𝑒
𝑗ω𝑖𝑡 + 𝑈?̅?𝑒
−𝑗ω𝑖𝑡)
𝑖
} (−𝛾𝑧
𝐴𝑐𝑠
+
1
2
𝛾 {∑(𝜃𝑖𝑒
𝑗ω𝑖𝑡 + 𝜃?̅?𝑒
−𝑗ω𝑖𝑡)
𝑖
})] 𝑑𝐴 
where bars denote complex conjugates.  The mean rate of flux, averaged over 
time, is 
 ∬ [𝛾𝐷mol +
1
4
𝛾 {∑(𝑈𝑖𝜃?̅? + 𝑈?̅?𝜃𝑖)
𝑖
}] 𝑑𝐴
𝐴𝑐𝑠
 Equation 34 
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wherein all oscillatory terms after expansion (i.e. terms preceding 𝑒𝑗ω𝑖𝑡𝑒𝑗ω𝑖𝑡 or 
preceeding 𝑒𝑗ω𝑖𝑡𝑒−𝑗ω𝑘𝑡 with 𝑖 ≠ 𝑘) of the multiplication are reduced to zero in the 
time-averaging, and only the time-independent terms (i.e. terms preceding 
𝑒𝑗ω𝑖𝑡𝑒−𝑗ω𝑖𝑡) remain.  The effective diffusivity is 
 𝐷eff = 𝐷mol(1 + ℛ) Equation 35 
where ℛ is the relative increase in diffusivity over molecular diffusivity given by 
 ℛ =
1
4𝐷mol𝐴𝑐𝑠
∬ [∑(𝑈𝑖𝜃?̅? + 𝑈?̅?𝜃𝑖)
𝑖
] 𝑑𝐴
𝐴𝑐𝑠
 Equation 36 
which rearranges to 
 ℛ = ∑ (
1
4𝐷mol𝐴𝑐𝑠
∬ [𝑈𝑖𝜃?̅? + 𝑈?̅?𝜃𝑖]𝑑𝐴
𝐴𝑐𝑠
)
𝑖
 Equation 37 
and the term inside the summation on the right side is identical to the relative 
increase for any individual frequency of oscillation (101).  Thus the overall 
diffusive/dispersive transport resistance 𝑅𝑇
diff is given by: 
 𝑅𝑇
diff =
𝑅gas𝑇𝐿
𝜋𝑟2[𝐷mol+∑ 𝐷dis
osc(𝑓𝑖)𝑖 ]
 Equation 38 
This conclusion relies on the reduction of time-averaged 𝑒2𝑗ω𝑖𝑡 and 𝑒𝑗(ω𝑖−ω𝑘)𝑡 
terms to zero over a long period of oscillation in the transition from Equation 33 
to Equation 34.  Therefore, this model of dispersion during simultaneous 
multiple frequencies may not apply when the beat frequency (i.e. the difference 
between any two frequencies) is very small. 
Turbulent dispersion was modeled according to the method of Fredberg in 
1980 (29).  This method assumed a quasi-steady approximation for turbulent 
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flows, i.e., that flow oscillations are slow compared to the time scale of turbulent 
eddies.  Therefore, the dispersion coefficient is averaged over the period of 
oscillation, using the root-mean-square value of mean axial velocity ?̅?  in 
Equation 8, such that: 
 𝐷dis
turb = ?̅?𝑅𝑀𝑆𝑟 ⋅ 𝛽1(Re) Equation 39 
Further, the value of 𝛽1(Re) is approximated as a constant 𝜖 with a unity order 
of magnitude.  The specific value of 𝜖 = 0.725 used in the present model was 
derived from Scherer et al., averaging between the experimentally derived values 
for inspiratory and expiratory flows (78, 80).  Finally, Equation 39 is only valid 
during turbulent flows: this was represented in the model using a critical 
Reynolds number Recrit = 30  to determine the transition from laminar to 
turbulent flows (50, 80).  Equations for oscillatory dispersion (i.e. Equation 9 and 
Equation 38) were applied to define 𝑅𝑇
mix in airways with Re < Recrit; equations 
for turbulent dispersion (i.e. Equation 39) were used to define 𝑅𝑇
mix in airways 
with Re ≥ Recrit. 
The complete formulation of diffusive and dispersive transport resistance is: 
 𝑅𝑇
diff =
𝑅gas𝑇𝐿
𝜋𝑟2𝐷eff
 Equation 40 
where 
 𝐷eff = {
𝐷mol + ∑ 𝐷dis
osc(𝑓𝑖)𝑖 ,  Re < Recrit
𝐷mol + 𝐷dis
turb ,  Re ≥ Recrit
 Equation 41 
One important limitation of this model is found in its derivation for 
oscillations in infinitely long tubes.  Enhanced diffusion via dispersion is not 
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sufficient for describing transport in a branching network.  Oscillations of flow at 
bifurcations result in increased mixing of gases that diffusive transport resistance 
alone cannot describe (76–78). 
2.2.3. Mixing Transport Resistance 
In general, when the amplitude of volume flux through an airway segment 
exceeds the segment’s volume, the impact of convective mixing at bifurcations 
must be considered.  To approach this problem, we consider a tube with volume 
𝑉seg and fixed concentrations of a certain gas at either end of the tube, as shown 
in Figure 10. 
The opposing ends of the tube can be thought of as infinitely large reservoirs 
with complete and immediate mixing of incoming flow.  The net molar flux 
through the tube ?̇? =
𝑑𝑛
𝑑𝑡
, where 𝑛 is moles of gas and 𝑛 = 𝑐𝑉, is given by the 
oscillatory volume magnitude 𝑉osc and frequency of oscillation: 
?̇? = {
[𝑐1(𝑉osc − 𝑉seg)𝑓] − [𝑐2(𝑉osc − 𝑉seg)𝑓] , 𝑉osc > 𝑉seg
0 , 𝑉osc ≤ 𝑉seg
 Equation 42 
which reduces to: 
 ?̇? = {
[𝑐1 − 𝑐2][(𝑉osc − 𝑉seg)𝑓] , 𝑉osc > 𝑉seg
0 , 𝑉osc ≤ 𝑉seg
 Equation 43 
Assuming ideal gas behavior, the concentration can be related to partial pressure: 
 𝑐𝑔𝑎𝑠 =
𝑛𝑔𝑎𝑠
𝑉𝑡𝑜𝑡𝑎𝑙
=
𝐹𝑔𝑎𝑠𝑛𝑡𝑜𝑡𝑎𝑙
𝑉𝑡𝑜𝑡𝑎𝑙
=
𝐹𝑔𝑎𝑠𝑝𝑡𝑜𝑡𝑎𝑙
𝑅gas𝑇
=
𝑝𝑔𝑎𝑠
𝑅gas𝑇
 Equation 44 
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Figure 10.  Model of an airway segment with reservoirs at either end containing the 
same gas species at different concentrations (color used only to clarify different 
concentrations – color does not indicate different species).  A volume of gas is 
oscillated through the segment, and the volume of gas that passes completely 
through the segment is available for mixing with the opposing reservoir. 
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We can relate concentrations in Equation 43 to partial pressures: 
 ?̇? = {
[
𝑝1−𝑝2
𝑅gas𝑇
] [(𝑉osc − 𝑉seg)𝑓] , 𝑉osc > 𝑉seg
0 , 𝑉osc ≤ 𝑉seg
 Equation 45 
and we get the result: 
 ?̇? = {
Δ𝑝 [
(𝑉osc−𝑉seg)𝑓
𝑅gas𝑇
] , 𝑉osc > 𝑉seg
0 , 𝑉osc ≤ 𝑉seg
 Equation 46 
from which it is evident that the mixing transport resistance is: 
 𝑅𝑇
mix =
Δ𝑝
?̇?
=
𝑅gas𝑇
𝑓𝑉mix
 Equation 47 
where 
 𝑉mix = {
𝑉osc − 𝑉seg , 𝑉osc > 𝑉seg
0 , 𝑉osc ≤ 𝑉seg
 Equation 48 
This expression for mixing transport resistance is similar in form to Equation 
1, which defined the proportionality of CO2 elimination and the rate of alveolar 
ventilation during gas exchange dominated by bulk advection.  Note that 𝑅𝑇
mix 
= ∞  when 𝑉mix  = 0 , implying that no transport occurs due to advection 
(regardless of concentration gradient) when the volume amplitude is small such 
that gas at one node does not oscillate past the adjacent node during the period of 
an oscillation.  There are a few important assumptions involved in this definition 
of mixing transport resistance: 
(1) Bulk flow – such that the contribution from any one node is proportional 
to the difference between the oscillatory volume and segment volume, 
regardless of the shape of the velocity profile.  This assumption also leads 
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directly to the corollary assumption that there is zero mixing transport 
between two nodes if 𝑉osc < 𝑉seg. 
(2) Complete mixing of 𝑉mix – such that gas which does oscillate from one 
node past a neighboring node (according to the first assumption) mixes 
completely and immediately. 
Generalization of this definition of mixing transport resistance to multiple 
frequencies requires a nonlinear approach, because the value of 𝑉mix varies in 
time depending on the amplitudes and phases of superimposed oscillations.  
Applying the same concept requires the generalization of 𝑉mix over the full period 
of a broadband waveform, using the fundamental frequency 𝑓0 rather than 𝑓. 
In this case, 𝑉mix can be described by the sum of gas volumes that oscillate past 
the adjacent node over the duration of one full period.  Replacing 𝑓 with 𝑓0 in 
Equation 48, we get: 
 𝑅𝑇
mix =
Δ𝑝
?̇?
=
𝑅gas𝑇
𝑓0𝑉mix
 Equation 49 
where 𝑉mix is more generally redefined as: 
 𝑉mix = ∫ ?̇?mix
∗ (𝑡)𝑑𝑡
1
𝑓0
0
 Equation 50 
The limit of integration 
1
𝑓0
 is determined by the period of the greatest common 
factor of the frequencies of oscillation, 𝑓0 (i.e. fundamental frequency).  This limit 
is chosen to ensure that 𝑉mix is constant over every period of the fundamental 
frequency for all time.  The flow which contributes to mixing transport ?̇?mix
∗ (𝑡), 
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Figure 11.  Illustration of method for computing 𝑉mix during ventilation with multiple 
frequencies of oscillation.  In this example, two frequencies are used, 3Hz and 7Hz, 
and 𝑓0 = 𝟏Hz.  The light red shading indicates where the conditions of ?̇?(𝒕) > 𝟎 (top) 
and 𝑽(𝒕) > 𝑉seg (bottom) are satisfied.  𝑉mix can be calculated in two ways: from the 
flow integral indicated by dark red shading (where both conditions are satisfied), or 
from the length of the red lines (i.e. local maxima of 𝑽(𝒕) − 𝑉seg ). 
indicated by dark red shading in Figure 11, is given by two conditions (on both 
oscillatory volume and flow): 
 ?̇?mix
∗ (𝑡) = {
?̇?(𝑡) , (𝑉(𝑡) > 𝑉seg) and (?̇?(𝑡) > 0)
0 , otherwise
 Equation 51 
where flow is defined by the sum of sinusoids with individual amplitudes 𝐴𝑖 and 
phases 𝜙𝑖 of oscillation: 
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 ?̇?(𝑡) = ∑ 𝐴𝑖 sin(2𝜋𝑓𝑖𝑡 + 𝜙𝑖)
𝑖
 Equation 52 
and volume is defined by the integral of flow: 
 𝑉(𝑡) = ∫ ?̇?(𝜏)𝑑𝜏
𝑡
0
 Equation 53 
The value of 𝑉mix  is calculated by numerical integration.  Note that the 
numerical integration of this multi-frequency method in the edge case of only one 
non-zero amplitude 𝐴𝑖  produces the same result obtained from the single-
frequency method described previously in Equation 47 and Equation 48, and 
thus the model is consistent. 
2.2.4. Total Transport Resistance 
The total transport resistance 𝑅𝑇
tot is the parallel combination of diffusive and 
mixing transport resistances. 
 𝑅𝑇
tot =
1
1
𝑅𝑇
diff
+
1
𝑅𝑇
mix
=
𝑅𝑇
diff𝑅𝑇
mix
𝑅𝑇
diff+𝑅𝑇
mix Equation 54 
Conceptually, 𝑅𝑇
tot  has an upper limit during zero flow, which is found by 
taking the limit as 𝑅𝑇
mix becomes infinitely large (e.g. when 𝑉mix = 0), that results 
in 𝑅𝑇
tot = 𝑅𝑇
diff with 𝐷eff = 𝐷mol. 
2.2.5. Direct Alveolar Ventilation 
Direct alveolar ventilation occurs when volume amplitudes at the airway 
opening are sufficiently large such that fresh gas mixes directly with alveolar gas 
during inspiration.  To model this mechanism of gas transport, we will assume 
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that this volume of fresh gas (𝑉f) is completely mixed during inspiration and that 
the same volume of mixed gas is completely removed during expiration, 
according to the illustration in Figure 12. 
 
Figure 12.  Modeling the distribution of airway segment volumes (i.e. personal dead 
space, 𝑉D
∗ ) and inspired fresh gas volume ( 𝑽f ) to each individual acinar 
compartment.  Acini are modeled with tissue elastance and end-expiratory residual 
volume.  Although fresh gas is assumed to have zero pCO2, at end-inspiration the 
gas contents are assumed to be well-mixed.  Note that the distribution of inspired 
volumes is predicted to be non-uniform in the presence of heterogeneous 
mechanics.  Figure reproduced from Colletti et al. (18). 
The effect of direct alveolar ventilation on gas transport cannot be represented 
by a transport resistance term.  Instead, the amount of CO2 removed due to direct 
alveolar ventilation ( ?̇?CO2
𝐷𝐴𝑉
) is computed directly from PaCO2 and the 
ventilation distribution (distribution of ?̇?prox for each acinus), using the concept of 
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“personal dead space” to apportion an amount of inspired fresh gas to each 
individual acinus (Section  2.1.8) (28). 
 ?̇?CO2
𝐷𝐴𝑉
=
PaCO2
863
𝑉f𝑓 Equation 55 
where fresh gas volume (𝑉f) delivered to an acinus is given by: 
 𝑉f = {
|?̇?prox|
𝜋𝑓
− |𝑉D
∗| ,
|?̇?prox|
𝜋𝑓
> |𝑉D
∗|
0 , otherwise
 Equation 56 
The amount of CO2 elimination computed using these equations to model 
direct alveolar ventilation is added to the amount of CO2 elimination computed 
by solving the matrix of transport resistances (Section 2.2.1).  Using this 
definition of 𝑉f, if the total volume delivered to an acinus over one period of 
oscillation is less than that acinus’ personal dead space, then there is no 
contribution of direct alveolar ventilation to CO2 elimination from that particular 
acinus. 
2.3. LIST OF SIMULATIONS 
The mechanical impedance and ventilation distribution were calculated for 
both healthy and injured conditions, at mean airway pressures 0, 5, 10, 15, and 
20 cmH2O, and at 115 distinct frequencies spanning 0.1 Hz to 100 Hz.  However, 
due to constraints on computational costs as well as the observed similarity of 
frequency-dependent behavior at varying mean airway pressures, we decided to 
simulate the gas transport at only one particular mean airway pressure and for a 
limited range of frequencies. 
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Gas transport distributions were calculated for both healthy and injured 
conditions at mean airway pressure 10 cmH2O, for a wide range of volume 
amplitudes at each frequency.  Each 𝑉T was chosen between 0 mL (zero flow 
conditions, molecular diffusion only) and 600 mL, with emphasis only on smaller 
volume amplitudes (i.e. 𝑉T < 𝑉D) at higher frequencies.  Parameters were chosen 
as necessary to at least ensure that a simulation representative of eucapnic 
ventilation was computed at each frequency. 
Eucapnic ventilation was determined according to the total CO2 elimination 
approximately equal to (i.e. within 5% tolerance of) the predicted ?̇?CO2 required 
for eucapnic equilibrium.  The selected value ?̇?CO2
euc
= 1.9 × 10−3
L
s
 was chosen 
based on average measurements of resting metabolic ?̇?CO2 per unit body weight in 
dogs (43), and then adjusting for the weight of the dog (25 kg) from whom CT 
scans were used to generate this model’s airway network. 
After simulations of ventilation with a single frequency of oscillation were 
performed and approximate parameter values for eucapnic ventilation were 
obtained, gas transport distributions were computed for a selected pair of 
frequencies, again titrating the volume amplitudes at each frequency to achieve 
eucapnic ventilation. 
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3. RESULTS 
3.1. MODEL VALIDATION 
The first goal, stated in Specific Aim 1, was to validate the computational, by 
comparing simulated results to experimental data for CO2 elimination (97) over a 
wide range of tidal volumes 𝑉T and frequencies 𝑓. 
Figure 13 shows simulation results for ?̇?CO2 as a function of 𝑉T and 𝑓.  Simulation 
points were chosen for each frequency starting at 0 mL and increasing in 
increments of 5 mL until ?̇?CO2  was at least greater than the predicted ?̇?CO2 
required for eucapnic ventilation (?̇?CO2
euc
, Section 2.3).  The prediction of ?̇?CO2
euc
 
is indicated on each plot, as well as the ?̇?CO2 produced by molecular diffusion only 
(i.e. zero flow conditions), which establishes the lower bound of gas transport for 
all values of 𝑉T and 𝑓. 
There are noticeably different behaviors of the resultant ?̇?CO2 with respect to 𝑉T 
and 𝑓.  In particular, there are certain ranges of volume amplitudes over which 
some gas transport mechanisms dominate the others: starting from molecular 
diffusion alone at zero flow conditions, there are dramatic increases in ?̇?CO2 with 
the advent of oscillatory dispersion, followed by turbulent dispersion, convective 
mixing at bifurcations, and finally direct alveolar ventilation.  These ranges are 
indicated in Figure 14. 
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Figure 13.  Relationship between ?̇?CO2 and 𝑉T for a variety of frequencies, each value 
of 𝑓 indicated by color.  The black lines represent the lower bound of ?̇?CO2 produced 
by molecular diffusion alone (zero-flow conditions), and the prediction of required 
?̇?CO2 for eucapnic equilibrium. 
 
  
48 
 
Figure 14.  Isolated data of simulations for 0.1 Hz oscillations, with text labels 
indicating the volume amplitude ranges over which certain gas transport 
mechanisms dominate overall ?̇?CO2. 
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Figure 15.  Interpolated contours of ?̇?CO2  over the 𝑉T  - 𝑓  plane, bi-linearly 
interpolating between the discrete pairs of 𝑉T  and 𝑓  chosen for simulations 
(indicated by white circles).  The black line indicates the prediction of required ?̇?CO2 
for eucapnia. 
 
Figure 16.  Power-law regressions to eucapnic tidal volume requirements over 
localized frequency ranges.  The black line represents the interpolated contour of 
eucapnic ventilation parameters.  The red line is regressed over 𝟎. 𝟏 Hz < 𝑓 < 𝟏 Hz , 
and the blue line over 𝟐 Hz < 𝑓 < 𝟑𝟎 Hz.  These frequency ranges are indicated by 
light shading. 
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Figure 15 shows a contour of the required 𝑉T  for eucapnic ventilation as a 
function of frequency, 𝑉T
euc(𝑓).  Figure 16 shows power-law regressions to 𝑉T
euc(𝑓) 
over localized frequency domains: 0.1 Hz < 𝑓 < 1 Hz and 2 Hz < 𝑓 < 30 Hz.  The 
regression curves are extended beyond the fit domains to demonstrate the 
relative reductions in required volume amplitudes that occur inside each range 
(compared to the extrapolated fit of the other range).  In order to emphasize the 
deviation of ?̇?CO2  at high frequencies from the low-frequency paradigm of 
ventilation and gas exchange (given in Equation 1), a power-law regression was 
performed on the interpolated 𝑉T
euc(𝑓)  for 𝑓  < 1 Hz , using a least-squares 
approach to minimize the sum of squared residuals via numerical optimization. 
 𝑉T
euc(𝑓) = 𝛽0 + 𝛽1𝑓
𝛽2 Equation 57 
A regression of the form in Equation 57 produced parameter estimates 
?̂?0 = 0.151 , ?̂?1 = 0.043 , and ?̂?2 = −0.988 , with mean squared residual 1.5 ×
10−6 L2 .  Comparing these parameter estimates to expected values requires 
rearranging Equation 1 to obtain: 
with the constant of proportionality taken from the 𝑝𝐶𝑂2 equation (Equation 55), 
such that: 
 
 𝑉T
euc(𝑓) − 𝑉D ∝
?̇?CO2
euc
𝑓
 Equation 58 
 𝑉T
euc(𝑓) − 𝑉D =
863 ?̇?CO2
euc
PaCO2 𝑓
 Equation 59 
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which then rearranges into the form of Equation 57: 
The expected parameter values and the regression estimates are summarized 
in Table 1.  The regression analysis is in close agreement with theoretical 
expectations pertaining to the relationship of ?̇?CO2 with respect to 𝑉T and 𝑓 at low 
frequencies, i.e., during conventional mechanical ventilation and spontaneous 
breathing. 
Table 1.  Regression parameters of Equation 57, expected and estimated values for low-
frequencies (𝑓 < 𝟏 𝐇𝐳). 
Parameter Expected value 
Regression 
estimate 
Deviation from 
expected value 
[%] 
𝛽0 0.169 0.151 10.7 
𝛽1 0.046 0.045 2.2 
𝛽2 -1 -0.99 1.1 
 
For high frequencies (i.e. 2 Hz < 𝑓 < 30 Hz), it was found that another power-
law relationship appropriately described the relationship: in this case with 
parameter estimate ?̂?2 = −0.4705 and mean squared residual 7.7 × 10
−6 L2.  This 
parameter estimate confirms the expectation in Equation 2 during HFOV, that 
the exponent of 𝑉T is larger than the exponent of 𝑓.  In this case ?̇?CO2 ∝ 𝑓
𝑎𝑉T
𝑏 with 
𝑎 = 0.47𝑏, or 𝑏 = 2.13𝑎.  However, this power-law regression over-estimated the 
values of 𝑉T
euc(𝑓) for 𝑓 > 12 Hz. 
 𝑉T
euc(𝑓) = 𝑉D + (
863 ?̇?CO2
euc
PaCO2
) 𝑓−1 Equation 60 
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Finally, Figure 17 shows a comparison between the interpolated eucapnic 
simulation results and experimental data (97).  The present simulation results, 
when converted to the dimensionless forms 𝒬  and ℱ  from Equation 3 and 
Equation 4 in Section 1.1.2, demonstrate close qualitative agreement with the 
experimental data of Venegas et al., with the largest discrepancy at the highest 
frequencies ( ℱ > 50 ⇒ 𝑓 > 10.7 Hz ). 
 
Figure 17.  Comparison between the simulation data from this model and the 
experimental data collected and regressed by Venegas et al. (97).  The axes are 
dimensionless variables of frequency (𝓕) and flow (𝓠).  The black lines correspond 
to theoretical prediction of low-frequency gas exchange (dashed) and regression to 
experimental HFOV data (solid).  The red line represents the simulation results 
interpolated at eucapnic conditions. 
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3.2. IMPACT OF MECHANICAL HETEROGENEITY 
The second goal, stated in Specific Aim 2, was to investigate how imposing a 
heterogeneous distribution of tissue elastance 𝐻  in the model alters the 
distribution of ventilation and gas transport.  Figure 18 and Figure 19 show 
histograms of the ventilation distribution across a range of frequencies between 
0.1 Hz and 100 Hz, color-coded according to the number of acini in the model.  
For both healthy and injured conditions, when 𝑓 < 𝑓res ventilation distribution is 
frequency-independent.  When 𝑓 > 𝑓res ventilation distribution is both frequency-
dependent and heterogeneous, even in the mechanically homogeneous healthy 
case.  The low-frequency ventilation distribution is much more homogeneous for 
the healthy case compared to the injured case, as expected.  However the effect of 
high frequency on ventilation heterogeneity is comparable between the two 
conditions, in both cases increasing heterogeneity with increasing 𝑓 > 𝑓res. 
Multi-modal patterns are visible in the histogram data of Figure 18 and Figure 19, 
reflecting large groups of acini with similar frequency-dependent behavior.  To 
assess the anatomic nature of this grouping, we visualized the groups by coloring 
individual acini according to the frequency at which each experiences either a 
minimum (𝑓𝑚𝑖𝑛) or maximum (𝑓𝑚𝑎𝑥) normalized flow magnitude. 
  
54 
 
Figure 18.  Acinar distribution histograms at each simulated frequency for healthy 
conditions.  Flow magnitude (top) is normalized to a uniform distribution (i.e. unity 
corresponds to acinar magnitude equal to tracheal magnitude divided by the total 
number of acini).  Flow phase (middle) is normalized to the phase of the input flow 
at the trachea (i.e. zero corresponds to acinar flow in phase with tracheal flow).  CO2 
elimination (bottom) is normalized to a uniform distribution (i.e. unity 
corresponds to acinar ?̇?CO2  equal to ?̇?CO2
euc
 divided by the total number of acini).  
Vertical black line indicates resonant frequency ( 𝑓res  : elastic and inertial 
components of impedance equal and opposite). 
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Figure 19.  Acinar distribution histograms at each simulated frequency for injured 
conditions.  Flow magnitude (top) is normalized to a uniform distribution (i.e. unity 
corresponds to acinar magnitude equal to tracheal magnitude divided by the total 
number of acini).  Flow phase (middle) is normalized to the phase of the input flow 
at the trachea (i.e. zero corresponds to acinar flow in phase with tracheal flow).  CO2 
elimination (bottom) is normalized to a uniform distribution (i.e. unity 
corresponds to acinar ?̇?CO2  equal to ?̇?CO2
euc
 divided by the total number of acini).  
Vertical black line indicates resonant frequency ( 𝑓res  : elastic and inertial 
components of impedance equal and opposite). 
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Figure 20.  (A) Frequencies of maximum and minimum normalized flow magnitude, 
shown for clarity in the context of a single acinus.  (B) Frequencies of maximum 
(top) and minimum (bottom) normalized flow magnitude, represented spatially for 
every acinus, using consistent coloring according to the scale provided in (A).  Acini 
which do not exhibit a local minimum or maximum within the range of frequencies 
simulated are shown in black.  Results shown for healthy (left) and injured (right) 
conditions. 
Figure 20 (A) illustrates the concept of 𝑓𝑚𝑖𝑛 and 𝑓𝑚𝑎𝑥, while Figure 20 (B) shows 
the spatial anatomic distributions of 𝑓𝑚𝑖𝑛 and 𝑓𝑚𝑎𝑥.  Spatially-organized clusters 
of acini with the same 𝑓𝑚𝑖𝑛  or 𝑓𝑚𝑎𝑥  values are immediately apparent, implying 
that over-ventilation and under-ventilation manifest within large regions of the 
lung in a frequency-dependent manner.  Note that sharing the same value of 𝑓𝑚𝑎𝑥 
does not imply also sharing the same value of 𝑓𝑚𝑖𝑛 , suggesting that subtle 
differences between mechanical properties of neighboring acini produce 
noticeable differences in frequency-dependence of ventilation distribution.  Also 
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healthy and injured conditions exhibit similar clustering, suggesting that the 
frequency-dependent behavior of ventilation distribution is largely determined by 
airway properties affecting inertance (i.e. airway size, path-length between airway 
opening and acinus, airway network topology) rather than by tissue properties in 
this particular model of injury. 
3.3. COMPARISON OF SINGLE AND MULTIPLE FREQUENCY OSCILLATION 
In order to identify plausible candidate frequency pairs for multiple-frequency 
simulations, each combination of two distinct oscillatory frequencies was 
considered by taking the inner product between their respective acinar 
ventilation distributions (VDIP: ventilation distribution inner product).  Figure 21 
shows the contours of VDIP for each permutation of two frequencies (𝑓 between 
0.1 Hz and 50 Hz). 
 
Figure 21. Ventilation distribution similarity, assessed per the contours of VDIP for 
each permutation of two frequencies, for healthy (left) and injured (right) 
conditions at mean airway pressure.  Note: the values are symmetric about the line 
of identity 𝒇𝟏 = 𝒇𝟐 .  Frequency pairs chosen for multiple frequency oscillatory 
ventilation gas transport simulations indicated by crossed circles. 
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For reference, VDIP = 1 implies two identical distributions, whereas VDIP = 0 
implies two orthogonal distributions.  Identifying pairs of frequencies with the 
lowest degree of similarity (i.e. smallest values of VDIP) reveals the most 
complementary pairs, i.e., those pairs which are most able to compensate for 
each other’s respective under-ventilated and over-ventilated regions.  From the 
distributions in Figure 21, a pair of frequencies was selected for simulation of gas 
transport as indicated by the crossed circles, chosen to represent a low value of 
VDIP (i.e. dissimilar ventilation distributions).  Due to the limited availability of 
gas transport simulations between 0.1 Hz and 30 Hz, the local minimum of VDIP 
at 11 Hz and 24 Hz for the healthy model was chosen. 
Figure 22 shows representative distributions of acinar CO2 elimination and root-
mean-square volume during simulations of multi-frequency oscillatory 
ventilation, using the pair of frequencies indicated in Figure 21.  Table 2 contains 
relevant simulation parameters and statistical results.  The most noteworthy 
result of this analysis is the reduction of the 90% range of values (i.e. the range 
between 5% and 95% quantiles) of normalized acinar 𝑉𝑅𝑀𝑆  attainable using a 
combination of two frequencies (fuchsia) compared to either frequency alone 
(red, blue).  Specifically, the degree of heterogeneity represented by the 90% 
range of normalized acinar 𝑉𝑅𝑀𝑆 is reduced by 39% compared to single frequency 
11 Hz ventilation (blue), and reduced by 60% compared to single frequency 24 Hz 
ventilation (red).  This indicates that 90% of the acini achieved a specified 𝑉𝑅𝑀𝑆 
level within a narrower range, which implies more homogeneous ventilation for a 
  
59 
linear combination of two frequencies. 
 
Figure 22. Histograms of acinar CO2 elimination (top) and root-mean-square volume 
(bottom), normalized to the uniform distribution (i.e. unity corresponds to tracheal 
value divided by the total number of acini).  Lightly colored lines represent raw 
histogram data with 1000 logarithmically spaced bins between 0.1 and 10; dark 
lines represent smoothed histogram data, shown for clarity.  Blue: single frequency 
11 Hz; red: single frequency 24 Hz; fuchsia: multi-frequency 11 Hz and 24 Hz.  
Histograms calculated from simulations resulting in eucapnic ventilation 
conditions (within 5% tolerance of ?̇?CO2
𝒆𝒖𝒄
).  Required eucapnic tidal volume 𝑉T for 
each condition and statistical results provided in Table 2. 
 
Figure 23 shows the quantiles of normalized acinar 𝑉𝑅𝑀𝑆 as a function of the 
increasing percentage of total 𝑉𝑅𝑀𝑆 accounted for by the higher frequency.  These 
data show that the 90% range of normalized acinar 𝑉𝑅𝑀𝑆 is minimized when the 
24 Hz oscillation accounts for approximately 35% of the total 𝑉𝑅𝑀𝑆 .  This 
particular combination of frequencies also minimizes the maximum value of 
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normalized acinar 𝑉𝑅𝑀𝑆.  Together, these results demonstrate that for a given pair 
of frequencies with dissimilar ventilation distributions, a combination of the two 
frequencies minimizes both the heterogeneity and maximum value of normalized 
acinar 𝑉𝑅𝑀𝑆, compared to either single frequency alone. 
 
 
Table 2.  Simulation parameters and statistics for comparison of single- and multi-
frequency ventilation.  Shading indicates data represented by same colors in Figure 
22. 
𝑉T @ 11 Hz 
[L] 
𝑉T @ 24 Hz 
[L] 
total 
?̇?𝐶𝑂2?̇?CO2  
[L/s] 
deviation 
from ?̇?𝐶𝑂2
euc  
[%] 
total 𝑉𝑅𝑀𝑆  
[L] 
quantiles of normalized acinar 𝑉𝑅𝑀𝑆  
5% 50% 95% 
0.000 0.029 1.91E-03 -0.4 0.010 0.47 1.13 1.91 
0.006 0.029 1.97E-03 -3.6 0.010 0.59 1.12 1.87 
0.008 0.027 1.86E-03 1.9 0.010 0.65 1.12 1.85 
0.013 0.025 1.82E-03 4.0 0.010 0.78 1.11 1.75 
0.015 0.027 1.93E-03 -1.4 0.011 0.80 1.10 1.71 
0.019 0.025 1.89E-03 0.7 0.011 0.84 1.13 1.61 
0.025 0.025 1.96E-03 -3.2 0.013 0.86 1.12 1.48 
0.030 0.023 1.90E-03 0.1 0.013 0.87 1.09 1.44 
0.032 0.022 1.88E-03 0.8 0.014 0.87 1.08 1.45 
0.038 0.019 1.84E-03 2.9 0.015 0.86 1.03 1.54 
0.038 0.019 1.85E-03 2.9 0.015 0.86 1.03 1.54 
0.044 0.016 1.95E-03 -2.4 0.017 0.84 0.99 1.62 
0.046 0.015 1.97E-03 -3.9 0.017 0.84 0.98 1.63 
0.051 0.010 1.89E-03 0.6 0.018 0.81 0.94 1.68 
0.053 0.008 1.95E-03 -2.7 0.019 0.80 0.93 1.69 
0.057 0.000 1.87E-03 1.8 0.020 0.78 0.92 1.71 
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Figure 23. Quantiles of root-mean-square volume, normalized to the uniform 
distribution (i.e. unity corresponds to tracheal value divided by the total number of 
acini).  Blue: single frequency 11 Hz; red: single frequency 24 Hz; fuchsia: multi-
frequency 11 Hz and 24 Hz.  The colored data points correspond to the histograms 
represented in Figure 22 and shaded cells of Table 2.  The shaded gray region 
represents 90% of all acini.  Quantiles calculated from simulations resulting in 
eucapnic ventilation conditions (within 5% tolerance of ?̇?CO2
𝒆𝒖𝒄
.  Required eucapnic 
tidal volume 𝑉T for each condition and statistical results provided in Table 2. 
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4. DISCUSSION 
4.1. MODEL VALIDATION 
We have developed a computational model of gas exchange during oscillatory 
ventilation by incorporating mechanical impedance and pertinent gas transport 
mechanisms over a wide range of frequencies in an anatomically-based airway 
network.  Simulations in a healthy lung model with homogeneous mechanical 
properties exhibit agreement with experimental results regarding the behavior of 
?̇?CO2  with respect to 𝑓  , 𝑉T  , and 𝑉D  (97).  The dominant mechanism of gas 
transport exhibits strong scaling-dependence on 𝑉T , with transitions from 
molecular diffusion near zero-flow conditions to oscillatory dispersion, then 
turbulent dispersion, then convective mixing at bifurcations, and finally direct 
alveolar ventilation at the largest 𝑉T. 
The transition from oscillatory dispersion to turbulent dispersion is 
determined by a critical Reynolds number, which was set at Recrit = 30 (80).  Re 
values are proportional to the flow velocity: 
 ?̅?𝑅𝑀𝑆 =
𝜋𝑓𝑉T
2√2
 Equation 61 
which implies dependence on both volume amplitude and frequency of 
oscillation.  Therefore, the transition from oscillatory to turbulent dispersion 
occurs at different volume amplitudes for each frequency.  However, oscillatory 
dispersion alone is not sufficient to provide eucapnic ventilation at a reasonably 
small 𝑉T for any 𝑓 in the simulated range between 0.1 Hz and 30 Hz.  On the 
other hand, the transition to turbulence yields about an order-of-magnitude 
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increase in ?̇?CO2 compared to oscillatory dispersion.  In fact, for high frequencies 
(𝑓 > 10 Hz), adequate ?̇?CO2 is achieved primarily via turbulent dispersion. 
For frequencies between 1 Hz and 10 Hz, convective mixing at bifurcations 
contributes the next dramatic increase in gas transport, almost doubling ?̇?CO2 
compared to gas transport via only turbulent and oscillatory dispersion.    
Because the increase in ?̇?CO2  with convective mixing at bifurcations is only 
approximately two-fold, it may not be fair to refer to this as a “dominant 
mechanism”.  Instead we should consider the dispersion effects and the 
bifurcations effect comparable at this range of 𝑉T and 𝑓.  Unlike turbulence, the 
transition to convective mixing at bifurcations occurs at constant 𝑉T across all 
frequencies (between 50 mL and 60 mL).  The trachea of this airway network has 
a lumenal volume of 56.3 mL, which is by far the largest volume of any airway in 
the model:  the next largest is 6.5 mL, followed by 2.2 mL.  Therefore, we may 
safely assume that convective mixing at bifurcations has the greatest effect on gas 
transport for 𝑉T larger than the volume of the trachea. 
The final transition in dominant gas transport mechanisms is attributable to 
the increasing prevalence of direct alveolar ventilation.  Occurring at only the 
largest 𝑉T, this mechanism requires a front of fresh gas to move directly between 
the airway opening and the acinar compartments, producing substantial gas 
transport via advection.  This transition occurs more slowly than the others, due 
to differences in the ventilation distribution as well as the distribution of path 
lengths.  Yet despite gaining influence only slowly, the impact of direct alveolar 
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ventilation on gas transport is also much larger than that of any other mechanism 
for CO2  elimination by almost an order-of-magnitude. 
The last two transitions seem to have constant 𝑉T  thresholds, whereas the 
diffusion and dispersion transitions are 𝑓-dependent as well as 𝑉T-dependent.  
This can be explained by the physical dependence of direct alveolar ventilation 
and convective mixing at bifurcations on the size and arrangement of dead space 
in the conducting airways, whereas dispersion depends more strongly on the 
magnitude, frequency, and cross-sectional profile of the flow waveform. 
There is currently no precedent in the literature for experimental or theoretical 
benchmarks of gas exchange during ventilation with multiple superimposed 
frequencies of oscillation.  Therefore comparisons with existing experimental 
data are only possible for traditional HFOV and CMV. 
4.2. IMPACT OF MECHANICAL HETEROGENEITY 
The ventilation distribution is frequency-independent below 𝑓res, yet becomes 
both frequency-dependent and spatially heterogeneous above 𝑓res, even in the 
case of mechanically homogeneous (healthy) lungs.  This change in behavior is 
due to transitions from elastically-dominated flow to inertially-dominated flow.  
The transition frequency varies regionally depending on the arrangement of 
mechanical impedances in the airway network.  For instance, inertial properties 
are strongly determined by the structural topology of conducting airways, which 
explains why the patterns of 𝑓𝑚𝑖𝑛 and 𝑓𝑚𝑎𝑥 in Figure 20 are clustered according to 
spatial arrangement.  This further explains why the clustering patterns do not 
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change between the healthy and injured conditions, because our simulated injury 
was implemented only via modified tissue elastances, without adjusting the 
mechanical properties or sizes of the conducting airways.  Ventilation 
distribution is determined by the distribution of mechanical impedances, such 
that the flow to a particular acinus depends on the impedance of the path leading 
to that acinus relative to the impedance all other paths in the network.  Therefore, 
minor differences in regional mechanical properties can lead to increased or 
decreased flow to local acini, relative to the rest of the lung at one or more 
particular frequencies.  This analysis of 𝑓𝑚𝑖𝑛  and 𝑓𝑚𝑎𝑥  demonstrates that this 
behavior is spatially clustered, suggesting that the effect depends primarily on 
inertial properties of airways leading to a cluster of acini, rather than the elastic 
properties of those acini. 
Despite producing no significant decrease in ventilation heterogeneity, higher 
frequencies reduced gas transport heterogeneity.  In fact, ventilation 
heterogeneity increased.  This can be attributed to the pervasive effects of mixing 
and dispersion, compared to the isolated impact of direct alveolar ventilation.  
That is, mixing and dispersion seem to be less affected by disparities in 
ventilation when compared to bulk advection.  Thus even though the ventilation 
heterogeneity does not decrease in terms of flow distribution, the ?̇? ?̇?⁄  matching 
appears to improve due to the homogenization of gas transport throughout the 
lungs.  This does not imply a reduced risk of VILI due to cyclic overdistention in 
localized lung regions.  These simulations predict that ventilation heterogeneity 
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always increases for 𝑓  > 𝑓res  during traditional HFOV, either under healthy 
conditions or injury.  As a result, despite requiring smaller volume amplitudes to 
achieve eucapnia, HFOV also causes much larger cyclic volume stretching in 
some lung regions compared to others.  Thus we conclude that improvements in 
gas transport homogeneity during HFOV come at the cost of increased risk of 
parenchymal overdistention.  Such behavior offers a plausible explanation for the 
outcomes of clinical trials that demonstrate improvements in gas exchange 
despite no improvement in mortality (22, 27, 47). 
4.3. COMPARISON OF SINGLE AND MULTIPLE FREQUENCY OSCILLATION 
The results presented in Section 3.3 demonstrate that for a given pair of 
frequencies with dissimilar ventilation distributions, a combination of the two 
minimizes both the maximum value of normalized acinar 𝑉𝑅𝑀𝑆, and the range 
between 5% and 95% quantiles, compared to either single frequency alone.  We 
conclude that for certain pairs of frequencies with complementary ventilation 
distributions, it is possible to achieve eucapnia with less ventilation 
heterogeneity, by oscillating with a linear combination of both frequencies 
simultaneously.  This finding has utility for the assessment and treatment of 
patients with heterogeneous lung injury, because simultaneous multiple 
frequencies can potentially minimize the extremes of cyclic acinar distension (see 
Figure 23), thereby reducing the risk of VILI in those lung regions.  The choice of 
frequencies in this study was limited to one pair, located near a local minimum of 
the VDIP distribution, with relatively more dissimilar ventilation distributions 
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compared to other nearby pairs of frequencies.  The pair that was chosen was 
based on the prediction that dissimilar ventilation distributions can be 
superimposed to yield more uniform flow delivery, thereby providing the same 
gas exchange for less injurious ventilation.  However, the limited selection of only 
one pair of frequencies in this thesis does not consider the effects of each 
individual frequency on the gas transport mechanisms.  Instead these 
simulations consider only the effects of frequency on the distribution of flow. 
This analysis of multiple frequencies for ventilation examines only one 
particular pair of frequencies, to demonstrate the plausibility of using a multi-
frequency approach compared to traditional HFOV as well as to estimate the 
magnitude of improvement.  The results of these simulations warrant further 
investigation, involving optimization of the spectral content in oscillatory 
waveforms.  Such an optimization procedure may involve an evaluation of the 
ventilation distribution similarity, similar to that presented in Figure 21.  Clinical 
applications would require real-time assessment of mechanical heterogeneity.  
Non-invasive estimation of mechanical heterogeneity is possible using forced 
oscillations to estimate mechanical impedance, followed by inverse modeling 
with appropriate models of heterogeneous lung function (53–55).  However, 
before such studies in animals or patients are performed, it would be 
advantageous to perform additional simulations over various combinations of 
frequencies with both high and low values of VDIP, to fully predict and 
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characterize the behavior of CO2 elimination with respect to frequency content 
and volume amplitude. 
4.4. LIMITATIONS 
Despite the attempt of this computational model to accurately simulate the 
complex interactions of structural geometry, topology, fluid flow, and gas 
transport, there are numerous assumptions and simplifications that limit the 
physiologic interpretation of these results. 
The consistency of clustering between healthy and injured conditions draws 
attention to one assumption in particular: that airway mechanics are not altered 
by the injury. This assumption is not realistic to the pathophysiology of ARDS.  
However it provides a controlled comparison between the healthy and injured 
simulations by holding airway mechanical properties constant, thereby 
eliminating potential variability of dead space volume.  The alterations in flow 
distribution and gas transport in the injured simulation are attributed only to the 
heterogeneous distribution of tissue elastances. 
Another assumption, that mixed-venous blood has a constant partial pressure 
of CO2 in all simulations, restricts the applicability of these simulations to 
eucapnic conditions and short time scales; in other words, all simulations are 
executed to calculate an instantaneous ?̇?CO2  under the premise that pmvCO2  is 
uniformly 46 mmHg  throughout the lung.  If the value of instantaneous ?̇?CO2 
calculated in this way for any waveform is equal to the rate of CO2 generation by 
metabolism, then that waveform will maintain equilibrium of blood pCO2 values. 
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These results further suggest that the ventilation distribution is more sensitive 
to changes in mechanical heterogeneity, whereas the gas transport exhibits much 
less dependence.    This may be due to the effectiveness of convective mixing and 
dispersion in the peripheral airways, even when oscillatory flow is limited.  This 
particular model of injury does not, however, account for derecruitment or 
perfusion shunting, which would play a significant role in reducing overall gas 
exchange.  In fact, no intra-tidal variations of airway and acinar mechanics are 
modeled. 
Other limitations of this model include a lack of consideration allocated to 
several potentially influential gas transport mechanisms: asymmetric velocity 
profiles at bifurcations, differences between inspiratory and expiratory velocity 
profiles, cardiogenic mixing, and collateral ventilation.  Despite limiting the 
scope of modeled mechanisms for the sake of parsimony, this work still provides 
comparable results to previous experimental work using HFOV. 
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5. CONCLUSION 
5.1. SUMMARY 
In this thesis, we have developed a computational model of gas transport 
during oscillatory ventilation, and applied this model to study the effects of 
frequency content on ventilatory efficiency in simulated healthy and 
mechanically heterogeneous conditions.  Simulations of low frequency oscillatory 
ventilation and traditional HFOV in a healthy lung yield gas exchange predictions 
in agreement with experimental data, validating the model at least in the context 
of available benchmarks.  Simulations of multi-frequency oscillatory ventilation 
demonstrate improvement in ventilation homogeneity for combinations of 
frequencies with complementary ventilation distributions, compared to either 
single frequency alone. 
The clinical implication of this study culminates in the recommendation that 
use of traditional HFOV (with only a single frequency of oscillation) should be 
restricted to frequencies approximately equal to 𝑓res.  HFOV using 𝑓 < 𝑓res or 𝑓 
> 𝑓res  results in increased gas transport heterogeneity and/or ventilation 
distribution heterogeneity.  However it may be possible to optimize the frequency 
content of oscillatory waveforms, by using frequencies that produce 
complementary ventilation distributions, such that the resultant distributions of 
flow and gas transport are more homogeneous compared to using any single 
frequency.  In this case, multiple oscillatory frequencies (including those above 
𝑓res) could be used, exploiting mechanisms of enhanced gas transport at higher 
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frequencies to achieve the benefits of (1) reducing the flow cost of ventilation, and 
(2) improving the homogeneity of gas transport and therefore the apparent ?̇? ?̇?⁄  
matching, while (3) minimizing the heterogeneity of the flow distribution and 
injury risk.  Future work on the optimization of frequency content of oscillatory 
waveforms has great potential to improve the state of critical care for patients 
with heterogeneous lung injury. 
5.2. FUTURE WORK 
The fundamental purpose of this study was to investigate the impact of 
mechanical heterogeneity on gas exchange, i.e., to determine what effect a 
heterogeneous ventilation distribution has (if any) on gas transport.  These 
results suggest that gas transport is less sensitive to mechanical heterogeneity 
compared to flow distribution.  However, it is not clear whether a more accurate 
model of pathological function would serve as a better predictor of ventilatory 
efficiency in the presence of heterogeneous injury such as ARDS.  For example, 
whether or not lung recruitment is influenced by the frequency content of 
oscillatory waveforms can be assessed in future work, by the addition of a 
mechanism for recruitment of acini (5).  Additionally, more sophisticated models 
may investigate the extent to which asymmetric velocity profiles and/or 
cardiogenic mixing influence gas transport.  Computational fluid dynamics can, 
for extreme computational cost, provide finely resolved solutions to mass 
transport within anatomic geometries and specified boundary conditions.  The 
results of this thesis warrant further investigation of the effects of spectral 
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content of oscillatory waveforms, potentially in CFD and in vivo, as well as the 
design of patient-specific optimization based on estimates of mechanical 
impedance (53, 55). 
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APPENDIX 
Pseudo-code for processing pipeline 
{ relevant Section } 
 
construct airway network topology and mechanical impedance { 2.1.2 - 2.1.6 } 
 
compute ventilation distribution { 2.1.7 - 2.1.8 } 
 
FOR( each combination of 𝑓 and 𝑉T ) 
  | 
  |  compute 𝑅𝑇
diff and 𝑅𝑇
mix { 2.2.2 - 2.2.3 } 
  | 
  |  construct 𝐑𝐓 and compute LU factorization { 2.2.4 } 
  | 
  |  WHILE(  𝚫𝐩  not converged ) 
  |    | 
  |    |  compute ?̇?CO2 from acini to airways 
  |    | 
  |    |   based on 𝐑𝐓?̇? = 𝚫𝐩 { 2.2.1 } 
  |    | 
  |    |   based on 𝚫𝐩 and direct alveolar ventilation { 2.2.5 } 
  |    | 
  |    |  compute ?̇?CO2 from capillaries to acini 
  |    | 
  |    |   based on perfusion rates and arterial-venous contents 
  |    | 
  |    |  update new 𝚫𝐩 
  |    | 
  |    |   based on ?̇?CO2 difference between ventilation and perfusion 
  |    | 
  |    |  END WHILE 
  | 
  |  END FOR 
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